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Abstract
A two-dimensional model which describes eg electrons in a monolayer of an
undoped and half doped manganite La1−x Sr1+x MnO4 is studied using correlated
wavefunctions. The effective Hamiltonian takes into account the kinetic energy,
the crystal field splitting between x2 − y2 and 3z2 − r 2 orbitals, and on-site
Coulomb interactions for eg electrons. They interact with S = 3/2 spins
due to t2g electrons, which are treated as frozen core spins. Furthermore,
the model includes antiferromagnetic superexchange interaction between core
spins, and the coupling between eg electrons and Jahn–Teller modes. The model
reproduces the antiferromagnetic order in the undoped LaSrMnO4 compound,
with occupied 3z2 − r 2 orbitals and elongated MnO6 octahedra along the
direction perpendicular to the Mn–O plane. In half doped La0.5Sr1.5MnO4

manganite one finds robust chequerboard-like charge order using realistic
parameters. However, the experimentally observed CE phase is more difficult to
stabilize, and we discuss the necessary conditions to obtain it within the present
model. Altogether, we conclude that the Jahn–Teller effect plays a crucial role
in the entire regime of doping.

1. Introduction

Doped perovskite manganese oxides have attracted much attention not only because of colossal
magnetoresistance (CMR), but also because of the rich variety of magnetic, orbital structural
and charge order (CO) they display. The properties of doped manganites are still very puzzling
and not completely understood, in spite of much effort both in theory and in experiment.
Recently, their modelling became the focus in intense research activity in the theory of strongly
correlated electron systems [1, 2].
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The main difficulty in the theoretical description of this class of compounds is related to
the simultaneous importance of numerous degrees of freedom, and early attempts to consider
only some of them, such as for instance the Jahn–Teller (JT) effect supplemented by Hund’s
exchange but neglecting other on-site Coulomb interactions [1, 3], or considering only on-site
Coulomb interaction U while neglecting Hund’s exchange, or only the coupling to the lattice
due to the JT effect [4], turned out to be insufficient to account for the experimental situation,
in spite of their unquestionable successes in treating particular aspects [5, 6]. Only in the last
decade it has been recognized that the JT interactions and the superexchange which occurs
due to eg electron excitations in the regime of large on-site Coulomb interactions support each
other [7], and both are necessary to explain the magnetic and optical properties of undoped
LaMnO3 [8]. It is not surprising that the JT interactions play a role for the magnetism, as it
is well known that in certain situations they modify the superexchange [9]. In addition, it has
also been realized that the core t2g electrons, even if localized (passive), play an essential role
for the observed magnetic phases [10–12]. In short, one cannot argue that some of the above
interactions are essential for the observed physical properties of manganites, while the others
are only of secondary importance. The phase situation in this class of compounds is a result of
a rather subtle balance between all these factors.

On the theoretical side, the multiband models and/or approaches based on the ab initio
local density approximation (LDA) computations extended by either static corrections due to
local Coulomb interaction U (LDA + U ) [10, 13–15], or by dynamical mean field theory
(LDA + DMFT method) [16], seem to provide the best available theoretical description of
perovskite manganese oxides nowadays. The drawback of such approaches, however, is
the multitude of unknown parameters which have to be independently estimated and/or the
prohibitive cost of the computations. Under these circumstances it is far easier to identify the
physical mechanisms responsible for particular types of order observed in doped manganites
using well motivated and transparent microscopic models.

In the present paper we set up an effective model for itinerant eg electrons which benefits
from the above accumulated experience and includes all essential interactions present in
monolayer manganites. In view of the large number of Hamiltonian parameters and the
necessity to include numerous interactions (in a reasonably accurate manner), we adopt
an effective model featuring only Mn sites (renormalized by the presence of surrounding
oxygen ions). Thereby we do not aim to develop new concepts but rather to put together
the elements tested in numerous earlier papers and to investigate which states result from
a complete theoretical model when local electron correlations and the JT effect are both
included. As the first step it is reasonable to analyse simpler two-dimensional (2D) manganites
such as La1−x Sr1+xMnO4, while the discussion of three-dimensional compounds such as
La1−xSrx MnO3 will be postponed to the next paper. Indeed, this former class of compounds
provides one of the best examples of the complexity of manganite physics. Their experimental
properties demonstrate a competition between the electronic interactions and the coupling
to the lattice in the presence of finite crystal field splitting of eg orbitals due to their 2D
geometry [17–21].

The paper is organized as follows. Firstly, we introduce a realistic model for eg electrons
in monolayer manganites which includes the electron interactions and the local potentials
due to JT distortions (section 2). In this section we also introduce the method to treat
electron correlation effects beyond the Hartree–Fock (HF) approximation. The numerical
results are presented and analysed in section 3. Next, in section 4 we address the question of
which parameters of the effective Hamiltonian are the most important ones to account for the
experimentally observed situation. Finally, section 5 summarizes the paper and gives general
conclusions.
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2. The effective model Hamiltonian

We study strongly correlated electrons in undoped and half doped monolayer manganites
La1−xSr1+x MnO4 (with x = 0 or 0.5), using an effective model describing only Mn sites,
where the state of surrounding oxygens is included by an effective potential at each site. A
realistic effective Hamiltonian which acts in the subspace of low energy eg states can be derived
by a procedure of mapping the results of HF, or LDA + U , or all-electron ab initio calculations
obtained within a more complete approach. A local basis at each manganese site is given in such
a model by two Wannier orbitals of the eg character (of x2 − y2 and 3z2 − r 2 symmetry) [13].
The exact procedure of mapping and the expectations we put onto such an effective model
were never precisely defined. Therefore, at present not much is known about the values of the
effective Hamiltonian parameters. Their estimation by various authors can be quite different
as the effective Hamiltonian can be derived in different contexts (i.e. for the description of
different experiments). It is however clear that the ‘bare’ atomic parameters for Mn ions are
not applicable.

After stressing this point, we will pass to presenting the effective model, which,
in our opinion, is a necessary compromise between simplicity and the requirement of
including all basic and relevant effects responsible for the physical properties of monolayer
La1−xSr1+x MnO4 compounds. We assume that the t2g orbitals of Mn3+ ions are occupied by
three ‘core’ electrons with total spin S = 3/2—the core electrons are treated here as classical
and frozen. Thus, the active electrons which remain are only eg ones. This approximation for
3/2 core spins was found earlier to perform quite well [2, 11].

We investigate the system by using a 2D Hamiltonian H (adequate for an ab plane of a
monolayer manganite) of Hubbard type

H = Hkin + Hcr + Hint + Hspin + HJT, (1)

which consists of the kinetic energy Hkin, the crystal field splitting Hcr, on-site Coulomb
interactions Hint, spin interactions Hspin and the JT part HJT. The simplified crystal field term
has to be included as one expects a finite anisotropy between two eg states in the geometry of a
monolayer system. This model and/or the essential parts of it were studied earlier in numerous
papers [1, 3, 6, 12, 13, 22, 23].

The kinetic part Hkin is expressed using the basis of two eg orbitals

x2−y2 ∼ |x〉, 3z2−r 2 ∼ |z〉, (2)

or in brief notation x and z orbitals per site, with anisotropic phase dependent hopping [24],

Hkin = − 1
4 t0

∑

i jσ

[
3d†

i xσ d j xσ + d†
i zσ d jzσ ± √

3(d†
i xσ d jzσ + d†

i zσ d j xσ )
]
. (3)

Here d†
iμσ are creation operators for an electron in orbital μ = x, z with spin σ = ↑,↓ at site

i , and niμσ = d†
iμσ diμσ are the corresponding electron number operators. The effective Mn–

Mn hopping matrix elements arise due to the hybridization with oxygen orbitals on Mn–O–Mn
bonds, and are therefore anisotropic and orbital dependent [24]. The sum runs over all pairs of
nearest neighbour sites i and j and the ± is interpreted as a plus sign for the bond 〈i j〉 being
parallel to the crystal axis a and a minus sign for the bond 〈i j〉 being parallel to the crystal axis
b. The kinetic energy is supplemented by the crystal field part

Hcr = 1
2 Ez

∑

iσ

(nizσ − nixσ ). (4)

For the present convention, for negative values of crystal field parameter (Ez < 0) the z orbital
is favoured over the x orbital, as expected for La1−xSr1+x MnO4 compounds.
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The electron interactions are given by [25]

Hint = U
∑

iμ

niμ↑niμ↓ + (U − 5
2 JH)

∑

i

nix niz

− 1
2 JH

∑

i

(nix↑ − nix↓)(niz↑ − niz↓) − JH

∑

iμ

Sz
i (niμ↑ − niμ↓), (5)

and the spin superexchange part is

Hspin = J ′ ∑

〈i j〉
Sz

i Sz
j , (6)

with J ′ > 0. In contrast to equation (3), the sum over bonds 〈i j〉 includes each pair of
nearest neighbour sites only once. Here the on-site Coulomb interaction element is denoted
as U , Hund’s exchange interaction is JH, and J ′ stands for the superexchange interaction
between frozen core t2g electrons [3, 15, 23–25]. The Hund’s term, as given above in
equation (5), is in fact a rather crude approximation. Namely, for simplicity we adopt here
the Ising approximation instead of the spin–spin scalar product, i.e. we take the product of
two z-components of spin only. Thus, we explicitly break spin rotational symmetry and fix
the quantization axis along the z spin component. This approximation follows in the mean
field (MF) treatment of the SU(2) symmetric Heisenberg term and significantly simplifies the
computation of the correlation energy. On the other hand, the price we must pay is that the
phases with space varying local spin quantization axis (such as spiral phases) are excluded from
our considerations from the start. As mentioned above, the frozen t2g core spins in equations (5)
and (6) are replaced by discrete classical Ising variables Sz

i = ±3/2 [11, 12].
Finally, the JT part is

HJT =
∑

i

[
g(Q2iτ

x
i + Q3iτ

z
i ) + 1

2 K (Q2
2i + Q2

3i)
]
, (7)

where the pseudospin operators τα
i (at site i ) are

τ x
i =

∑

σ

(d†
i xσ dizσ + d†

i zσ dixσ ), τ z
i =

∑

σ

(d†
i xσ dixσ − d†

i zσ dizσ ), (8)

and {Q2i , Q3i } denote the active JT deformation modes of the oxygens around a given Mn ion
at site i—they lift out the degeneracy of eg orbitals. For simplicity, fully symmetric (breathing
mode) deformation Q1i is neglected in HJT, as well as minor, secondary quadratic couplings
(for a more elaborate form of HJT as applied to manganites see for example [22, 26]).

The parameters we used for the numerical calculations were taken from the literature. In
some cases they are only an educated guess, presumably applicable to monolayer manganites.
Thus we take an effective (ddσ) hopping element t0 = 0.4 eV following [7], while other
estimations in the literature fall in the range 0.2–0.6 eV [1, 4, 27]. The effective on-site
Coulomb repulsion will be fixed at an experimental value U = 2.8 eV deduced by Kovaleva
et al [30], but we note that more recent theoretical analysis of the optical spectral weights
using an effective spin–orbital model suggests a larger value U = 5.0 eV [8]. Here the data
used in the literature are widely scattered, as the screening of the atomic value is considerable
and U is difficult to estimate. The smallest value is 1.7 eV [13] obtained for the effective
model neglecting Hund’s exchange interaction. Park et al estimated U to be about 3.5 eV
using photoemission data [14] (for the undoped perovskite LaMnO3), while a much smaller
value ∼2.0 eV was deduced earlier by Okimoto et al [28] from the optical conductivity
data (for lightly doped La1−xSrx MnO3). Other values suggested in the literature are close
to 5.0 eV [8, 12], or to 5.5 eV [7] and are likely to be somewhat overestimated.

Coming to Hund’s exchange coupling JH we notice that it is widely believed that JH/t0 is
larger than unity, and most probably JH is smaller than 1.0 eV [1]. Various authors provide
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slightly different values, with JH varying from the atomic value of 0.9 eV [29] down to
0.7 eV [7] and 0.67 eV [8]. We will take here JH = 0.5 eV, again following [30] and assuming
a larger screening, but we note that the ratio of JH/U , which plays a crucial role for the nature
of superexchange interactions [31], is there practically the same as the one given with the
somewhat larger electron interaction parameters of [8].

For the JT interaction parameters in equation (7) we take K = 13 eV Å
−2

and g =
3.8 eV Å

−1
, following [4, 32–34]. For the parameter J ′ in equation (6) we adopted the value

3.0 meV [21], as obtained from the fit to spin-waves in LaSrMnO4. Unfortunately, the fit
was performed for the Heisenberg model with nearest neighbour and next nearest neighbour
interactions between spins S = 2. The actual ratio J ′/t0 ≈ 0.01 in principle falls into the range
0.01–0.1, which is recommended by Dagotto et al in their review article [1]. Still nowadays the
opinion is prevailing that J ′ should be smaller, namely ∼3.0 meV [8] or ∼1.0–1.5 meV [30],
but even values as small as 0.4 meV [14] or 0.9 meV were suggested by Millis [4]. Therefore, to
be on the safe side we will study the model (1) for three different values of the superexchange,
namely J ′ = 0, 1.5, and 3.0 meV. We also included J ′ = 0 to investigate the importance of
spin interactions for the observed magnetic order in the undoped and half doped monolayer
manganite. As a curiosity let us note that the value of 3.0 meV can be obtained by a simple
(but not rigorous) reasoning. Namely, first one computes the MF Néel temperature for the 2D
square lattice with AF interactions between S = 3/2 core spins kBT 0

MF = 4
3 J ′ 3

2 ( 3
2 + 1), where

kB is the Boltzmann constant and four is the number of nearest neighbours in the ab plane.
Then we apply a semiempirical rule relating the MF result with the typical experimental Néel
temperature T 0

exp ≈ 0.7 T 0
MF [35], and insert the experimental value T 0

exp = 127 K [17, 20]. As
a lucky coincidence we obtain for J ′ virtually the same value as the one given in [21].

As the last parameter we consider Ez , for which we assume the values 0, −0.2, and
−0.4 eV. This seems to cover our ‘region of interest’. Namely, these values were motivated
by the optical gap measurements [17] and by the LDA + U computations. The gap between
x and z bands was found to be close to −0.55 eV, which compares well with the −0.4 eV
obtained from LDA + U computations performed for LaSrMnO4 [14]. The measurements of
the gap do not translate directly into Ez (from our effective Hamiltonian). In fact, the fit done
before [15] gives a smaller value, Ez = −0.12 eV. Thus, in principle we should study four
different Ez values; however, we do more. To be on the safe side in regions of interest we will
consider in addition some intermediate values of Ez .

We study 2D square clusters (containing N = 64 sites) with periodic boundary conditions,
undoped and with hole doping x = 1 − n = 1

2 away from half-filling (n = 1), where n is
eg electron density. First, the calculations within the single-determinant HF approximation
were performed to determine the ground state wavefunction |�HF〉. In the next step the
HF wavefunction |�0〉 was modified to include the electron correlation effects. We used an
exponential local ansatz for the correlated ground state [36],

|�〉 = exp
(
−

∑

n

ηm Om

)
|�0〉, (9)

where δniμσ are density fluctuations, and {Om} are correlation operators. The variational
parameters ηm are found by minimizing the total energy,

Etot = 〈�|H |�〉
〈�|�〉 . (10)

In this way the correlation energy, Ecorr = Etot − EHF, is obtained. For technical details
see [23, 37]. For the correlation operators we use

Om = δniμσ δniνσ , (11)
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which stands for the set of all possible δniμσ δniνσ ′ on-site operators (defined separately for
each site i ). The symbol δ in δniμσ indicates taking only that part of the niμσ operator which
annihilates one electron in an occupied single particle state from the HF ground state |�0〉,
and creates an electron in one of the virtual states. The above local operators Om (11) (in the
present model) correspond to the subselection of the most important two electron excitations
within the ab initio configuration–interaction method. (Three, four, etc, electron excitations are
also important in the intermediate and strong correlation regime. However, as yet there is no
controlled method implementing them for larger systems).

For a given filling the HF computations were run starting from several (different) initial
conditions, i.e., from predefined charge, spin configuration, predefined pattern of core t2g

spins and a predefined set of {Q2i , Q3i } variables. For each fixed set of initial conditions
on convergence we obtain the HF energy EHF and the HF wavefunction |�0〉, which were
next used to recompute the (renormalized) set of {Q2i} and {Q3i}. The obtained (new) JT
deformations {Q2i} and {Q3i } were then inserted into the HF Hamiltonian again, and this
procedure was repeated until JT distortions had converged. This self-consistent procedure
was used to provide a local energy minimum with respect to {Q2i , Q3i } variables. Then,
after finishing such a single self-consistent HF run extended by the computation of {Q2i , Q3i }
variables (still for the same set of initial conditions), we performed correlation computations
(see above) obtaining the total energy Etot (10). Next, such a procedure was applied to a second
set of HF initial conditions to determine the local energy minimum E for this configuration. In
this way we treated the entire set of initial conditions used in the present calculations. Finally,
the resulting set of energies {En} for different locally stable states was inspected and the lowest
energy E0 and this state was identified as a good candidate for the true ground state for given
parameters (we recall that this is the zero temperature ground state).

3. Results in the ‘realistic’ regime of parameters

3.1. Numerical details

In general the computations are costly and time consuming. We used more than 100 different
initial conditions for each set of Hamiltonian parameters, and, as we have found (a posteriori),
any smaller number would certainly not suffice to cover all a priori possible states. This
big number corresponds to many potential possibilities. The first possibility is related to the
question of whether the eg electrons in the ground state are all ferromagnetic (FM), i.e. all spins
pointing upwards, or if the number of up and down electrons is equal (zero total magnetization).
For each of these possible configurations we need separate HF and correlation calculations. For
the former case we use the set of about 40 different initial conditions while for the latter one
the set of 60. The second factor is the assumed and fixed configuration of core t2g spins.
Here we used only a few possibilities: FM, antiferromagnetic (AF) phase staggered along
a and b axes (G-type antiferromagnet, so-called G-AF phase), zigzag CE-type [19]; C-AF
configuration (vertical FM order with AF coupling between the alternating lines of up and
down spins), and similar C-AF-like phase with alternating double lines of up and down spins,
respectively, called below the C-AF2 phase. Other possibilities were not taken into account
(though certainly examination of some random arrangements of core spins could be of interest
in the doped regime with x 
= 0.5).

After fixing a core spin configuration, various starting configurations of eg spins (FM,
AF, vertical stripes, diagonal stripes, some random arrangements) were tested, as well as
various configurations of {Q2i } and {Q3i} variables (uniform zero, uniform nonzero, non-zero
chequerboard-like, random, etc). Notably, the direction of eg spin was found to be parallel to
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that of the core spin at each site as long as JH = 0.5 eV. This observation allowed us to reduce
the numerical effort. Virtually each set of initial conditions leads to some metastable state,
but about half of the obtained states have their energies distinctly separated from the remaining
manifold of ‘metastable’ states with lower energies. In the latter low-energy manifold eg and t2g

spins are parallel to each other, and the ground state energy is almost degenerate with several
other ‘metastable’ states. In such a case the identification of the true ground state turns out
to be somewhat problematic. Namely, the change of any of the employed approximations and
assumptions can (in principle) reverse the order of the ground state with one of the neighbouring
‘metastable’ states. Take, for example, the assumption that the core spins are frozen. One can
easily imagine that unfreezing them could bring a change of the ground state energy of the
order of 0.01%, which would be just enough to trigger the discussed crossover. The same
holds true for (i) some better treatment of electron correlations, (ii) including weak nearest
neighbour intersite Coulomb repulsion, (iii) including next nearest neighbour hopping, and
finally (iv) including more elaborate JT couplings (e.g. as used in [26]).

To make the situation worse, the convergence of JT iterations is, in general, rather poor.
(We set as the criterion of the HF convergence the energy change by 10−6 eV and we assumed
that JT self-consistency was reached when during one iteration all {Q2i} and {Q3i} variables
changed by less than 0.001 Å.) Therefore, one could not construct the entire phase diagram,
clearly this would be numerically too expensive. Only isolated points of the phase diagram
were inspected instead.

3.2. Undoped compound LaSrMnO4

The magnetic structure of LaSrMnO4 reported in several experiments is a G-AF
phase [18, 20, 21]. The role played by the JT distortions is experimentally unclear. There exist
numerous experiments (in doped and undoped monolayer compounds La1−x Sr1+x MnO4), and
numerous model computations which arrive at different conclusions concerning the importance
of the JT distortions and mixing of x and z orbitals [20–22, 38, 39]. It seems that the x–z
mixing is not universal, but only shows some similarity across different classes of compounds.
One of the recent papers suggests that the MnO6 octahedra in LaSrMnO4 [20] are elongated
perpendicularly to the plane, in accordance with a majority occupation of the z orbital. We
arrived at exactly the same conclusion by varying the parameters in the expected range.
Namely, in the studied range of Ez between 0 and −0.4 eV and taking J ′ = 3.0 meV, the
ground state is without any doubt G-AF phase, and the core t2g spins are strictly parallel to eg

spins. However, for sufficiently small values of Ez (between 0 and −0.06 eV) the orbital
x is occupied instead, and the orbital z is almost empty (see figure 1). Consistently with
this electron distribution, the JT distortions are Q2i = 0 and Q3i < 0. The latter are all
large and uniform in space. For Ez in the range between −0.1 and −0.4 eV the situation is
reversed—the orbital z is occupied, while the orbital x is unoccupied (see figure 2). Here the
JT distortions Q3i are uniform in space, large and positive (while Q2i = 0 as before). As
the value Ez = −0.4 eV is believed to be close to the crystal field in LaSrMnO4, we obtain
the same result as reported in [20]. Also Q3i values are positive, which corresponds to the
elongation of MnO6 octahedra.

For the narrow range of Ez between −0.06 and −0.10 eV we still have a G-type
antiferromagnet; however, the precise electron density in x and z orbitals is difficult to establish
(as is the case for Q3i distortions). Several states are almost degenerate in this region, most of
them showing quasi-random (inhomogeneous in space) mixing of x and z accompanied by
inhomogeneous in space distribution of positive and negative Q3i distortions. Moreover, the
convergence is unusually slow. About 400 JT iterations are still not quite enough to be sure that

7
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Figure 1. Magnetic, charge and orbital order for eg electrons as obtained in an 8 × 8 cluster
(with periodic boundary conditions) for the undoped system. Core t2g spins (not shown) are strictly
parallel with eg spins. At each site the circle radius corresponds to eg on-site total charge; the arrow
length to the eg spin; the horizontal bar length to the charge density difference between x2 − y2 and
3z2 − r2 orbitals. All these values are expressed in proportionality to the nearest neighbour site–site
distance, which is assumed to be unity. Parameters: t0 = 0.4 eV, U = 2.8 eV, JH = 0.5 eV,

K = 13 eV Å
−2

, g = 3.8 eV Å
−1

, J ′ = 3.0 meV, and Ez = −0.06 eV. Additional data:
EHF = −89.1077 eV, Etot = −89.1366 eV. JT distortions (uniform in space, i.e. the same for
each site): Q2i = 0, Q3i = −0.29 Å. Electron densities are nx = 0.996 and nz = 0.004.

Figure 2. G-AF structure, with z orbitals occupied for Ez = −0.10 eV. Legend and other
parameters as in figure 1. Additional data: EHF = −89.5733 eV, Etot = −89.5747 eV. JT
distortions (uniform in space): Q2i = 0, Q3i = +0.29 Å.

JT iterations have indeed converged. Most probably the true ground state corresponds to 1:1
mixing of x and z and uniform in space positive Q2i (see figure 3). Although this parameter
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Figure 3. Magnetic, charge and orbital order for Ez = −0.08 eV. Legend as in figure 1. Additional
information: EHF = −88.9798 eV, Etot = −89.0105 eV. Uniform in space JT distortions are
Q2i = +0.29 Å, Q3i ∼ +0.003 Å.

regime is not relevant for LaSrMnO4, we note that an alternating orbital order of this type would
help to stabilize the A-AF phase in LaMnO3 [7].

3.3. Half doped La1−x Sr1+x MnO4 with x = 0.5

Next we consider the half doped La0.5Sr1.5MnO4 compound with standard parameters. As
before we include the AF superexchange between t2g spins of J ′ = 3.0 meV. For small values
of crystal field, namely for Ez in the range from 0 down to −0.12 eV, the ground state is
FM with chequerboard-like CO as shown in figure 4. When the crystal field parameter is
further decreased to Ez = −0.14 eV, the numerical results suggest that the FM ground state
disappears (i.e. becomes metastable, with energy −49.469 eV). The ‘true’ ground state has
energy −49.520 eV and has a pronounced chequerboard-like CO. The eg spins on charge
majority sites are organized according to the C-AF pattern; see figure 5.

We could not conclude whether the order displayed in figure 5 is the actual ground state as
the next possible candidate is energetically quite close, i.e. with the total energy −49.497 eV
(figure 6). This latter state is characterized by similar CO and has eg spins arranged (on charge
majority sites) on diagonal, up and down FM lines. The core spins (not shown) are arranged
in a zigzag CE pattern [19]; the directions of core and eg spins on charge majority sites do
agree. We remark that there is also a third phase not too far away, but we will discuss this in
the following.

For the crystal field parameter Ez = −0.16 eV the phase order situation is similar to that
one found for Ez = −0.14 eV. However, for still lower Ez = −0.18 eV the situation turns
out more complicated. Before that we had two almost degenerate states with different types
of order, being candidates for the ground state. Now the third one also competes with the
other two. To be more specific we have found (i) CO with C-AF order with cluster energy
−49.382 eV, (ii) CO + CE magnetic order with cluster energy −49.343 eV, and (iii) stripe-like
CO with alternating lines of up and down eg spins in C-AF phase (figure 7) with cluster energy
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Figure 4. Magnetic, charge and orbital order for half doped compound in the FM phase, as obtained
for Ez = −0.12 eV. Legend and parameters as in figure 1. JT distortions are Q2i ∼ 0 (0.015 and
0.003 Å on charge majority and charge minority sites) and Q3i = −0.23 (−0.025) Å on charge
majority (minority) sites (tetrahedra are shortened along the crystal c axis). Total eg spin magnitudes
on charge majority/minority sites are 0.4/0.1. Note that each figure was automatically generated
by the numerical program as a LaTEX file. The LaTEX has only a limited set of predefined
circles, thus the circle radii are approximate. In fact major and minor charges are 0.8 and 0.2,
respectively. The electrons occupy x orbitals, with a small admixture of z. The cluster HF energy
is EHF = −49.7188 eV while the total energy is Etot = −49.7496 eV. The best metastable state
with total zero eg magnetization has energy −49.648 eV, i.e. is not very well separated from the
FM ground state. (The corresponding numbers for Ez = 0 are −51.457 and −51.117 eV; i.e., in
contrast to the present situation they are reasonably well separated.)

−49.375 eV (this phase is intermediate between cases (i) and (ii)). Note that the stripe-like
phase (iii) was also present for Ez = −0.14 eV. For Ez = −0.20 eV and for Ez = −0.30 eV
the triad of the ground state candidates still persists, with stripe-like CO phase being the most
stable one. Finally, for Ez = −0.40 eV (the value believed to be close to the true crystal
field parameter) stripe-like CO phase is no longer the best candidate for the ground state
(−51.075 eV) and at the top are classical CO + C-AF magnetic order like that in figure 5
(−51.171 eV) and classical CO + CE magnetic order (−51.155 eV), like that in figure 6.

Notably, our simplified effective model (1) gives qualitative results close to the experiment.
The chequerboard-like CO we obtained for half doping agrees reasonably well with the neutron
and x-ray data (see [21] and earlier papers cited therein). Chequerboard-like CO turns out to be
a quite robust feature of the model, emerging for practically any reasonable set of Hamiltonian
parameters, as long as the JT coupling parameter g is finite. The obtained amplitude of charge
modulation between charge majority and charge minority sites is, however, much larger than
that obtained in the experiment [21]. We note that the definition of local charge centred at a
given Mn ion is not unique. While the experiment gives information about atomic charges,
the d states in the present model represent not just individual Mn ions but rather Wannier
orbitals centred on them. It may be expected that each Wannier orbital extends not only up to
neighbouring oxygens but up to other Mn ions as well. In other words, in the present effective
model (1), charge differences between different Wannier orbitals can be large, but when this is
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Figure 5. Charge order accompanied by C-AF order in half doped compound for Ez = −0.14 eV.
Legend and parameters as in figure 1. The x orbital and z orbital occupations on charge majority
sites are roughly in the ratio 5:3. Additional information: EHF = −49.4901 eV while the total
energy is Etot = −49.5202 eV; eg electron densities on charge majority/minority sites are 0.825
and 0.174, respectively. Magnetic moments are ±0.411 (charge majority) and ±0.082 (charge
minority). Jahn–Teller distortions are Q2i = −0.226 Å on charge majority sites and −0.049 Å on
charge minority sites; Q3i are negligible (−0.06/−0.026 Å on charge majority/minority sites).

translated to real space the charges on Mn ions would be smeared out and the charge variation
would be smaller.

Coming to magnetic order, we note that it is widely believed to be of the zigzag CE type
(see [21] and references cited therein). However, a glassy magnetic phase in this range of
doping was also reported [18]. This is not an experimental contradiction, but rather reflects
the well known fact that differently prepared samples under examination can provide different
results. Differently phrased, it seems that the true Hamiltonian (and in parallel the phase
situation in a real compound) is very sensitive to some secondary factors. This sensitivity
has also been found in the present model at half doping (x = 0.5).

4. Which parts of the Hamiltonian are the most relevant ones?

An interesting question we would like to address in the context of the above numerical
results concerns the relevance of different parts of the model Hamiltonian (1), i.e., which
interactions are crucial for the proper description of LaSrMnO4 and La0.5Sr1.5MnO4, and
which ones are only of secondary importance. Taking the complexity of the microscopic
model (1) one would like to make simplifications and to keep only the essential terms.
Indeed, different authors assigned different relevance to on-site Coulomb interactions, to the
AF superexchange between core spins, and to the JT coupling to the lattice, and neglected
one of these terms [1, 3, 6, 12, 15, 22, 40]. A satisfactory answer to the question of whether
simplifications of the Hamiltonian (1) are allowed and could lead to reasonable agreement
with the experiment calls for construction of the phase diagrams for all possible regimes of
Hamiltonian parameters. Unfortunately, within the present approach we cannot afford such

11



J. Phys.: Condens. Matter 19 (2007) 186223 K Rościszewski and A M Oleś

Figure 6. A metastable state with energy very close to the ground state, exhibiting CO accompanied
by CE magnetic order for half doped compound at Ez = −0.14 eV. CE order refers to the total
(t2g + eg) spins. (Note that on charge majority sites the eg spins are arranged on diagonal lines.)
Legend and parameters as in figure 1. The magnetic moments of eg electrons are ±0.411 and
±0.082 on charge majority/minority sites. JT distortions of the Q2i type on charge majority sites
are 0.229 Å (for up spins) and −0.229Å (for down spins); on charge minority sites they are zero.
JT distortions of the Q3i type are negligible (−0.073/−0.026 Å on charge majority/minority sites).
The x to z occupation on charge majority sites is roughly 5:3, while on charge minority sites it is
roughly 3:1. EHF = −49.4386 eV while the total energy is Etot = −49.4966 eV.

large scale and overcostly computations. Still, some test computations have been conducted
and they clarify the situation to some extent.

First of all, decreasing the AF superexchange interaction between core spins to J ′ =
1.5 meV does not influence the solutions in any significant way. Qualitatively, the types of order
obtained then in the ground states for Ez = 0, −0.12, −0.20, and −0.40 eV are exactly the
same as those found for J ′ = 3.0 meV. Of course, there are some quantitative changes which
would be of importance for an accurate comparison with the experiments for La0.5Sr1.5MnO4,
but the present model is more appropriate for a qualitative discussion. For zero crystal field
and for Ez = −0.12 eV the ground state of a half doped monolayer is FM with chequerboard
CO state, and with x orbitals occupied (as in figure 4). It changes to stripe-like CO (exactly
the same as that in figure 7) when Ez is decreased to −0.20 eV. The energy for the considered
8×8 cluster is then −49.399 eV, actually quite close to the energy of −49.336 eV found for the
chequerboard CO state accompanied by the magnetic zigzag-like CE order. The x and z orbitals
are occupied in the ratio 1:1 in this latter state. Finally, for Ez = −0.40 eV the ground state
(with energy −51.171 eV) is the chequerboard CO state with C-AF order (compare figure 5),
and only z orbitals are occupied. Then close to it (at energy −51.156 eV) we have found
chequerboard CO plus magnetic zigzag-like CE (only z orbitals occupied); next chequerboard+
C-AF2 magnetic order (with energy −51.133 eV); next stripe-like CO + C-AF order (with
energy −51.075 eV). Thus, if the crystal field value is indeed close to Ez = −0.40 eV, then it
is difficult to decide which value of the superexchange parameter is more realistic, J ′ = 1.5 or
J ′ = 3.0 meV, using the energy considerations alone. In this respect magnetic measurements,
accompanied by a careful analysis of the microscopic parameters, are necessary.
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Figure 7. Stripe-like CO plus C-AF magnetic order (metastable state very close to the ground state),
obtained for half doped compound and Ez = −0.18 eV. Legend and parameters as in figure 1.
Electron densities on charge majority/minority sites are 0.822 and 0.178, respectively, while the
corresponding magnetic moments are ±0.410 and ±0.088. JT distortions on charge majority sites
are Q2i = −0.238 Å (−0.046 on charge minority sites). Q3i are negligible (+0.032 and −0.023 on
charge majority/minority sites). The energies are EHF = −49.3654 eV and Etot = −49.3751 eV.

We also considered the case without superexchange interactions, J ′ = 0. For the undoped
monolayer the neglect of Heisenberg interaction between core spins leads immediately to
disagreement with the experiment, at least in the case of finite negative crystal field, as
expected for LaSrMnO4. For degenerate eg orbitals (Ez = 0) the ground state is pure x type,
accompanied by G-AF order just as before. For negative Ez = −0.20 or −0.40 eV, z orbitals
are occupied instead, again as before. However, now the spin order is quite different. Namely,
one finds C-AF phase (similar to figure 5 but for homogeneous charge distribution). For
Ez = −0.12 eV the magnetic order resembles the C-AF one, but is instead characterized
by alternating double FM lines of up and down spins, respectively; we denoted this order above
as C-AF2. Such states were not observed in the real compounds. Therefore, we conclude
that finite AF superexchange interaction J ′ > 0 is essential to suppress the generic tendency
towards FM order along one lattice direction, which persists even for relatively large negative
values of Ez ∼ 0.40 eV.

For half doped substance the neglect of Heisenberg interaction of core spins J ′ leads again
to the results concerning the magnetic order which contradict the experiments. For all crystal
field values considered here we obtained an ideal FM order in the ground state (for aligned
eg and t2g core spins), accompanied by CO of chequerboard type. For crystal field up to
−0.12 eV only x orbitals are occupied. For Ez = −0.20 eV one obtains a variant of the
previous state, namely the CO with only roughly classical chequerboard order. There are
two different charge majority sites with charges in proportionality 2:1. One vertical row of
the atoms (bigger charges) shows only z occupation, the second (neighbouring) vertical raw
(smaller charge) shows only x occupancies, and then the pattern repeats. For Ez = −0.40 eV
this variant disappears and again we obtain ideal FM+checkboard CO order with only z orbitals
occupied.
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We also performed calculations neglecting the JT effect, i.e. taking g = 0. Such a
simplification of the model results in very efficient calculations when the self-consistency over
the lattice distortions {Q2i , Q2i } can be avoided, but is also not allowed. Namely, for zero
crystal field one finds then ideally aligned FM phase with equal occupation of x and z orbitals.
This state, although not relevant for the physical situation in LaSrMnO4, could describe (in the
presence of AF superexchange coupling along the c axis) an FM ab plane in the A-AF phase
of LaMnO3. In fact, it shows that superexchange interactions due to eg and t2g electrons alone
could induce the observed magnetic order in the undoped LaMnO3, but the temperature of the
structural transition would then be only about half of the experimental value [7]. In contrast,
for Ez = −0.20 eV (and g = 0) only z orbitals are occupied and the magnetic order is C-AF2,
while for Ez = −0.40 eV we obtain uniform charge distribution plus magnetic zigzag CE
phase (for both core spins plus eg spins) as the magnetic ground state. This demonstrates that
the JT interactions are here even more important than in cubic manganites.

Also for the doped substance the neglect of the JT coupling is not permissible. We have
verified that when the JT coupling is neglected, one obtains basically FM ground state with
uniform charge distribution and equal electron density in x and z orbitals at each site. There
would be some minor modifications to this simple picture but they are only of secondary
importance and can safely be neglected when comparing such states with experimental data.
Namely, for Ez = 0, −0.12, −0.20 eV a tiny diagonal modulation is superimposed on uniform
charge background. Each second diagonal line carries slightly bigger charges and a fractionally
bigger electron occupancy of x orbitals. The diagonal lines in between have equal electronic
density within x and z orbitals and smaller overall charges. The total eg spins are uniform in
space and small (they correspond to those allowed by smaller charge densities of eg electrons
per site). Finally, for Ez = −0.40 eV the occupation of x and z orbitals is the same everywhere
(on each site) and only a tiny charge modulation develops in the form of vertical stripes (two
lines thick).

Next, we neglected Hund’s exchange JH between eg electrons and superexchange
interactions of core spins J ′. Although this assumption is expected to be unrealistic, here
we will test still another possibility suggested recently in [15]. The idea is that, at least in
principle, it could be that the electron correlations are only of secondary importance and that
the JT coupling accompanied by the crystal field splitting in a 2D geometry dominate and
are already sufficient to describe the phase situation in monolayer manganites. If electronic
interactions could be entirely neglected, the problem would simplify tremendously as the
electronic Hamiltonian would then reduce to a quadratic form, which could be diagonalized
for any choice of the effective fields induced by the JT distortions. This concept is already
quite old and popular in the field—it was discussed in extenso by Dagotto et al in their review
article [1]. In fact we do not attempt to present here a polemic discussion with this approach,
but will simply use some of the Hamiltonian parameters provided there and discuss the results.

Thus, following [15], we assign to U a small value of U = 1.12 eV (which stands
here for intermediate on-site Coulomb interaction), corresponding to U/t0 = 1.7/0.6 in [15]
(which in our case gives the above value when t0 = 0.4 eV). We also adopt the value
of Ez = −0.12 eV for the crystal field splitting (but we also considered a second value,
i.e. −0.20 eV). Furthermore, we assume that the JT parameters g and K take the established
values which we have already studied in this paper. Hund’s exchange interaction JH and the
superexchange interaction J ′ are put to zero again following [15].

Surprisingly, this approach seems to work reasonably well, at least at the beginning.
For the undoped monolayer we obtain homogeneous charge distribution and simple G-AF
order. Magnetic moments of eg electrons are of the order of 0.3, while Q2i = ±0.24 and
Q3i = −0.16 Å. The ratio of x orbital to z orbital occupations is then close to 3:1 (for
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Figure 8. Exotic charge order for half doped compound as obtained in the absence of the AF

superexchange, J ′ = 0. Other parameters: t0 = 0.4 eV, U = 1.12 eV, JH = 0, K = 13 eV Å
−2

,

g = 3.8 eV Å
−1

, and Ez = −0.12 eV.

Ez = −0.20 eV the corresponding ratio is modified to 1:1). However, this choice of parameters
leads to an unrealistic description at half doping x = 0.5, where one obtains robust CO
accompanied by the absence of the magnetic order, which does not resemble the experimental
results for La0.5Sr1.5MnO4 (see figure 8). First of all, the CO is not chequerboard-like, and
secondly, magnetic moments do not form, i.e. one finds a nonmagnetic ground state. On charge
majority sites Q3i distortions are small, while Q2i ones are large and positive. As the charge
flows almost completely to the majority sites, the JT distortions {Q2i , Q3i } cannot form and are
negligible on charge minority sites.

The phase situation for larger crystal field splitting at Ez = −0.20 eV is looking even
more strange, while for Ez = −0.40 eV any type of magnetic order vanishes and the CO
takes the form of high charge, low charge vertical lines in a stripe phase (similar to that from
figure 7, only the high/low charge variation is much smaller). Therefore, we conclude that
strong Coulomb interaction U/t0 ∼ 5, and considerable Hund’s exchange JH, as included
in more realistic recent LDA + U electronic structure calculations [16], are essential for the
observed ground state of half doped monolayer manganites. Intermediate (or small) U will
not suffice to form the chequerboard-like CO in half doped manganites, while the exchange
interactions (JH and J ′) are crucial to obtain the AF states observed in the experiment.

5. Summary

We have analysed an effective theoretical model (1) for monolayer manganites. It includes
all essential features of eg electrons, such as their anisotropic phase dependent hopping, large
on-site electron interactions described by the Coulomb U and Hund’s exchange JH, and the
coupling of eg electron spins to frozen spins of core t2g electrons at Mn ions. The state of eg

electrons is also influenced by the crystal field splitting in the 2D geometry of a monolayer,
and by the distortions of the surrounding oxygens, which we treated self-consistently with the
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electronic problem. We could not provide a precise proof but rather gave many arguments
supporting the claim that all these interactions enter on equal footing and play an essential role
for the correct interpretation of the experimental data, both for undoped and for half doped
compounds.

For the case of undoped substance (in agreement with the experiment) we have found a
G-AF ground state with z orbitals occupied and uniform JT elongation of MnO6 tetrahedra
along the c axis perpendicular to the manganese ab plane. The appearance of this phase seems
to be robust, as it is found for any reasonable set of the Hamiltonian parameters. Similarly
so, the chequerboard CO for half doped substance is also a robust feature of the discussed
model (1), but only in the presence of the JT coupling. The CO could be here responsible
for novel solitonic effects [41] and could be the mechanism which drives the observed robust
orbital order [42], accompanied by the CE magnetic order [43].

However, the magnetic order (superimposed on CO at half doping) was found to be very
sensitive to the details of the model. Although the correct CE phase was found to be a good
candidate for the true ground state, we also found other candidates such as C-AF order in
the immediate neighbourhood in the parameter space. Indeed, in the absence of the JT effect
both phases strongly compete and may even become almost indistinguishable from each other
when J ′ is small [12]. Although we do not intend to claim that we have completely clarified
the situation, the picture emerging from the great number of performed test computations is
that magnetic order in the half doped monolayer does not originate from a single and universal
electronic mechanism, but rather depends on the JT coupling to the lattice, which first drives the
orbital instability in the CO state [26], and the magnetic order in the form of FM zigzag stripes
(CE phase) follows. It is intriguing whether the JT distortions are also of equal importance for
some other phenomena near the degeneracy of eg orbitals, for instance for the stripes in the
doped nickelates, treated so far only in the electronic model [44].

Altogether, we conclude that the effective model (1) performs reasonably well. The joint
effect of large Coulomb interactions and of JT interactions with the lattice plays a crucial role
in the observed types of magnetic order in the monolayer manganites. This good performance
merits the hope that it is worthwhile to make an attempt (in the future) to describe the
(technically more demanding) phase situation in bilayer La2−x Sr1+xMn2O7 manganites, and
in the three-dimensional doped perovskite compounds like La1−x Srx MnO3, using the same
model Hamiltonian.
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